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Abstract
Several notions of barrelledness for locally convex spaces over non-archimedean 
valued fields are discussed in this paper and the relation between them is stud­
ied, We give examples showing that they are different notions in general. In 
particular, we solve (Theorem 2.6) the question raised by the second author in 
[13]: Do there exist polar spaces that are polarly barrelled but not barrelled?.
On the other hand, the concepts of orthogonality as well as elementary and 
edged set are used to prove that for a wide class of spaces of countable type 
the different versions of barrelled spaces considered in the paper coincide. We 
obtain in this way (and with different proofs) the non-archimedean counterparts 
of well-known results in the theory of barrelled spaces over the real or complex 
field.
1991 Mathematics Subject:46SlO.
IN T R O D U C T IO N
Like in the classical case (i.e., locally convex spaces over the real or complex field 
see e.g. [1]) we consider in this paper the notion of barrelled (resp. N0-barrelled) space 
over a non-archimedean valued field by requiring that every point wise bounded family 
(resp. sequence) of non-archimedean continuous seminorms is equicontinuous. Also, 
the concept of -barrelled space is obtained if one replaces “sequence of continuous 
seminorms” by “sequence of continuous linear functionals”.
But in addition the concept of polar seminorm leads us to consider in the non- 
archimedean case the polar versions of the above notions by taking a family (resp. 
sequence) of polar seminorms.
The main purpose of this paper is to study the relationship between these different 
forms of “barrelledness’5. We show (mainly in Section 3) that they don’t coincide in
* Research partially supported by Comision Mixta Caja Cantabria-Universidad de Cantabria
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general. It is interesting to point out that, in contrast to the classical situation, the 
polar versions of barrelledness are in general different from the corresponding ones 
considering arbitrary seminorms (Theorem 2.6).
On the other hand, we use the concept of orthogonality to prove that for spaces 
of countable type, £°°-barrelled tto-barrelled (Proposition 3.2). Also, the concepts 
of edged and elementary set are used to prove that for spaces strictly of countable 
type (of which perfect sequence spaces are a particularly interesting example, see 
Section 4), £°°-barrelled <£> barrelled (Theorem 3.5). We obtain in this way (and 
with different proofs) the non-ar chime dean counterparts of two well-known results in 
the theory of barrelled spaces over the real or complex field (see e.g. [1]). Further, we 
show (Theorem 5.4) that for spaces of finite type (which are not in general strictly 
of countable type) we again have that barrelled <=> barrelled.
1 PRELIMINARIES
Throughout this paper K is a non-archimedean valued field that is complete with 
respect to the metric induced by the non-trivial valuation |. |. We set \K\ := {|A| : 
A E K} and \K\: = the closure of \K\ in E.
For the basic notions and properties concerning normed and locally convex spaces 
over K  we refer to [18] and [13] respectively. However we recall the following.
1. Let E be a #-vector space and let A be an absolutely convex subset of E 
(i.e., A is a B^-module where BK = {A E K  : |A| < 1}). A is called edged if for 
each x E E^  the set {|A| : A E Xx E A} is closed in \K\. We define Ae to be the 
smallest edged subset of E that contains A. If the valuation on K  is dense we have 
Ae = n|Aj>i ( and Ae = A if the valuation is discrete). A is called elementary if 
there exist m 6 N, x i,. . . ,  xnl E E and absolutely convex sets C'i,.. . , Cm of K  such 
that A — C\Xx + ... + Cmxm.
For X, Y C E we set X  \ Y {x E X : x $ Y}. The absolutely convex hull of 
X  is denoted by co(X) and its linear hull by [X],
A (non-archimedean) seminorm on E is a map p : E — > R satisfying:
i) p(x) e \K\
ii) p(Xx) =  |A|p(*)
iii) p{x + y )<  max(p(x),p(y))
for all a;, y E E , A E K  (see [13]). Observe that if K  carries a dense valuation
i) is equivalent to p(x) > 0 whereas for a discretely valued field K  condition i) is 
equivalent to p(x) E \K\. It is easily seen that if p : E — * [0, +oo) satisfies ii) 
and iii) and K  has a discrete valuation the formula q{x) = inf{5 E \K\ : p(x) < s} 
defines a seminorm q for which pq <p < q where p — max{|A| : A E K, |A| < 1}. A 
seminorm p for which p(x) = 0 => x — Ois called a norm and is usually denoted by 
.|| rather than p.
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For a seminorm p on E we denote by Ev the vector space E/Kexp endowed with the 
canonical norm. Following [13] we say that p is polar if p = sup{|/1 : ƒ  £ E*, | ƒ  | < p}, 
where E* is the algebraic dual of E.
2. Let (E, ||*||) be a normcd space. If A,B C E, dist(A,B) = inf{||a, — 6[| : 
a E Atb £ B} will be the distance between A and B. E is called of countable type 
if E has a countable subset whose linear hull is dense in E. Recall that in this case 
for every i G (0,1), E contains a ¿-orthogonal basis (xn)n (i.e., every x £ E can be 
written uniquely as x =  X)nAn£„ , An £ K  for all n, and \x\ > t maxn|An| ||.Tn||. 
If K  is spherically complete this property also holds for t — 1 ([18], Lemma 5.5). 
Instead of 1-orthogonal we will write orthogonal.
3. Now assume that E  is a Hausdorff locally convex space over K  with topological 
dual E '. By a{E) Ef) (resp. <?{&, E)) we will mean the weak topology on E (resp. 
E*) with respect to the dual pair < E iE/ >. E is called reflexive if the canonical 
map js  • E — ► En is a linear homeomorphism from E onto its bidual En (where Ef 
and E" have the strong topologies).
A set A C E  is called polar if A coincides with its bipolar with respect to the 
above dual pair. Every polar set is edged. If p is a continuous seminorm on E , then 
p is polar if and only if {x £ E  : p(rc) < 1} is a polar set ([13], Proposition 3.4.ii)). In 
particular, if A is an absolutely convex subset of £?, then the formula p& : [A] — ► R, 
pA(x) — inf {| A| : x £ A A} (x € [A]) defines its associated seminorm pa on [A]. If A 
is a zero neighbourhood in E> then pa is polar if and only if Ae is a polar subset of
E.
Following [13] we say that E  is polar if its topology is defined by a family of 
polar seminorms. Also, E  is called of countable type (resp. of finite type) if for every 
continuous seminorm p on E  the normed space Ep is of countable type (resp. of 
finite dimension). Recall that if E  is of countable type then every weakly convergent 
sequence in E  is convergent ([13], Theorem 4.4 and Proposition 4.11) and that E is 
of finite type if and only if its topology is a weak topology ([16], Theorem 2). Spaces 
of countable type form the non-archimedean counterpart of the transseparable spaces 
considered in the case of locally convex spaces over the real or complex field (see e.g.
[1], p. 53).
A set A in E  is called compactoid if for each neighbourhood U of 0 in E  there 
exists a finite set H  in E  such that A c i7+ co (H).
In the sequel E i F  will be Hausdorff locally convex spaces over K. By L(Ey F ) we 
will denote the vector space of all continuous linear maps from E  into F. The vector 
subspace of L(£?, F) consisting of all T e L(E , F) whose rank is finite-dimensional 
will be denoted by F i(E , F).
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2 BARRELLED-LIKE SPACES
Like in the classical case (i.e. locally convex spaces over the real or complex field, see 
e.g [1]) we can consider several concepts of barrelledness (compare Proposition 2.3 
for the equivalent formulations in terms of barrels).
Definition 2.1 .
a) E is called barrelled if every pointwise bounded family of continuous seminorms 
on E is equicontinuous.
b) E is called Kp-barrelled if every pointwise bounded sequence of continuous semi- 
norms on E is equicontinuous.
c) E is called l °°-bamlled if every pointwise bounded sequence in E' is equicon­
tinuous.
But, in addition, the concept of polar seminorm leads us to consider in the non- 
archimedean case the following polar versions of barrelled and tto-barrelled space.
Definition 2.2 E is called polarly barrelled (resp. polarly Wp-barrel led) if every point- 
wise bounded family (resp. sequence) of polar continuous seminorms on E is equicon­
tinuous.
Obviously every Fréchet space and every inductive limit of a sequence of Fréchet 
spaces is a barrelled space. Also, by Theorem 9.6 of [13], every reflexive (and hence 
every Montel) space is polarly barrelled (for several interesting examples of this kind 
of spaces see [13] and our Section 4).
One can easily see that if {Ui}iej is a family of absolutely convex zero neighbour­
hoods in E and U — Hie/ then [Ms a barrel (resp. a zero neighbourhood) in E 
if and only if is a pointwise bounded (resp. equicontinuous) family of con­
tinuous seminorms on E. Applying this fact, it is very easy to obtain the following 
descriptions of the above concepts in terms of barrels.
Proposition 2.3 .
i) E is barrelled if and only if every barrel in E (which is always the intersection of 
a family of closed absolutely convex zero neighbourhoods in E) is a zero neighbourhood 
inE .
ii) E is V^ o-barrelled if and only if every barrel in E which is the intersection of 
a sequence of absolutely convex zero neighbourhoods in E is a zero neighbourhood in 
E. (Observe that every absolutely convex zero neighbourhood in E is closed).
Hi) E is £°°-barrelled if and only if every barrel in E which is the intersection 
of a sequence of (polar) absolutely convex weak zero neighbourhoods in E is a zero 
neighbourhood in E,
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iv) E is polarly barrelled if and only if every polar bairel in E (which is always the 
intersection of a family of polar absolutely convex weak zero neighbourhoods in E) is 
a zero neighbourhood in E.
v) E is polarly Hq-barrelled if and only if every (polar) barrel in E which is the 
intersection of a sequence of polar absolutely convex zero neighbourhoods in E is a 
zero neighbourhood in E.
Remarks 2.4 Also, it is straightforward to verify that:
1. E is polarly barrelled if and only if every pointwise bounded family in E' is 
equicontinuous ([13], Proposition 6.3), If in addition E is polar then E is polarly 
barrelled if and only if the topology on E coincides with the strong topology 0(E,E') 
(which is the topology of uniform convergence on the pointwise bounded subsets of
Ef).
2. E is polarly No-barrelled if and only if every pointwise bounded subset of E ' 
which is the union of a sequence of equicontinuous subsets of E\ is equicontinuous.
We clearly have the following diagram.
barrelled polarly barrelled
^  $
K0 — barrelled => polarly Nq — barrelled
£°° — barrelled £°° ~ barrelled
Also observe that if E is ^-barrelled, then El is cr(E\ E )-sequentially complete 
(but not conversely, see Remark 5.5.1).
If every continuous seminorm on E is polar (e.g., when K  is spherically complete, 
or when E  is of countable type, see [13]), then
E  polarly (Kq—)barrelled =4> E (No—)barrelled. (1)
Further, in the next section we will see that for a wide class of spaces of countable 
type the five versions of barrelledness considered in Definitions 2.1 and 2.2 coincide 
(Theorem 3.5).
But we will show (mainly in the next section) that the converses of the arrows 
appearing in the above diagram are not true in general.
First of all we prove that, in contrast to the classical situation, there are spaces E 
for which (1) does not hold. This gives an affirmative answer to the problem raised 
by the second author in [13], p. 208: Do there exist polar spaces that are polarly 
barrelled but not barrelled?. In fact, we axe going to construct (Theorem 2.6) a 
polarly barrelled space which is not even No-barrelled. To do that, the following 
lemma will be a useful tool.
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Lemma 2.5 Suppose that K is not spherically complete. For each n = 1, 2,... 
let Sn := {X C N : #X  f]{ly,.. ,k} = 0(k1~l n^) when k oo} ($ indicating 
cardinality) and let En be the closed subspace of £°° consisting of all x — (#1,0:2,...) G 
£°° such that for every £ > 0 the set {m G N : |:rm| > e} is in <Sn+i- ^  endow each 
En with the norm topology rn inherited from the norm ||.||oo of£°°. Then, (En)n is 
a strictly increasing sequence of (polar) Banach spaces containing c0 and satisfying, 
for each n e N ,  the following properties:
i) Every f  G E'n that vanishes on c$ vanishes identically on En.
ii) f  G E'n if and only if there exists a (unique) y = (ym)m 6 Co such that 
f{%) = 'Lmxmym for &U % = ($m)m € En and in this case ||/|| =
in) Every f  G E'n can be uniquely extended to an element g G ££+{ and ||c/|| = | ƒ
Proof, i): Let x — (xm)m G En and let e > 0 be given; we prove that \f{x)\ < e
I
We have that the set X  — {m G N : |xm| > £} is in <Sn+i and so D := {z =  
(2m)m G £°° : zm — 0 whenever m $ X} is a subspace of En for which dist(rc, D) < s. 
So, it suffices to prove that ƒ  — 0 onD. This is clear if X  is finite. If X  is infinite 
and has the form X — {s*, 52,...} with si, s2) -.. G N and si < S2 < . . then the 
map <j) : £°° — > D, x = {x\, 33, . . . ) 1— ► where
0(^)m = 0 if m $ X  and <f>(x)m = Xj if m — Sj for some j  (2)
is a linear surjective isometry for which <£(c0) — Df]c0. It follows that D/Df]cQ 
is isometrically isomorphic to £°°/cq and so (D/DC\co)f = {0} ([18], Corollary 4.3), 
which implies that ƒ  = 0 on D.
ii): Obviously, for every y = (ym)m G c0, ƒ  : En — ► K, x = (xm)m G En 1— >
is a continuous linear functional on En with ||/|[ = \\y\\oo^
Conversely, let ƒ  G E*n. Since Co C i£n we can apply Exercise 3.Q of [18] to derive 
the existence of y = (ym)m G ¿°° such that f(x) = YjmxmVm for all re =  (zm) G c0. 
Suppose y $ cQ. There exists s > 0 such that the set {m G N : \ym\ > e} is infinite 
and so it contains an infinite element X  = {si, s2, • • *} 6 <Sn+i (where Si, s2, ... G N 
and Si < 52 < ...). Then 4> : £°° — ► En given by the formula (2) defines a linear 
isometry from £°° into En and so ƒ  o <j> g (£°°y. By Theorem 4.22 of [18], there exists 
a = (am)m G c0 such that (ƒ o = Z)mxmam for all rc = (»1,0:2,...) G ¿°°. In
2/*. > £ for all j  = 1,2,..., a contradiction. Hence y = (ym)m G c0
and f{x) =  for all x =  (xm)m G Cq. Now the conclusion follows from the
fact that c0 is weakly dense in En (see i)).
Finally, iii) is a direct consequence of i) and ii).
By using this Lemma we now can prove:




Theorem 2.6 Suppose that K  is not spherically complete. For each n — 1,2,.., 
let En be as in Lemma 2.5 and let E — (JnEn endowed with the norm topology r 
inherited from the norm ||.||oo on ¿co. Then, E is a polarly barrelled space which is 
not No-barrelled.
Proof. Fisrt we prove that r  is the largest element of the set T of all polar 
topologies on E for which all the canonical inclusions from En into E are continuous.
Clearly r G T .  Also, let g £ T; we prove Q < r. Let p be a polar ^-continuous 
seminorm on E and let T  =  {ƒ £ (E, g)f : \f\ < p}, The restriction of p to E\ 
is a Ti-continuous seminorm in Ei and so there exists a constant c > 0 such that 
p(x) < cll l^loo for all x e Ei. If ƒ  £ JF, then \f(x)\ < cHeHo© for all x £ E\ and by 
Lemma 2.5 it follows that | ƒ  (re) | < c||x||oo for all x £ E. We obtain that for every 
x £ E, p(x) = sup{|/(#)| : ƒ  £ J7} < c||a:||ooj which implies that p is a r-continuous 
seminorm on E and so that g < r.
Now, we are going to show that E is polarly barrelled. To prove that, let V be a 
pointwise bounded family of polar r-continuous seminorms on E. Then, q sup{p : 
p £V } i sa polar seminorm on E whose restriction to each En is continuous. By the 
above, q is r-continuous.
Finally, suppose that E is No-barrelled. Since, by Baire Category Theorem E 
is not complete, there exists an a £ E \ E (where E is the completion of E), 
Also, for each x £ E  dist(x, En) = 0 for large n and so p : E — ► R, x \— > 
supn ndist(x, £ n)/dist(a, En) is a well-defined seminorm on E which, by No- 
barrelledness, is continuous. Let p : E — > R be the continuous extension of p and 
let {xm)m be a sequence in E with limm xm — a. For each n — 1,2,... we have
p(a) > limndist(xm, £?n)/dist(a,En) — n,
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a contradiction. Hence, E is not No-barrelled.
3 BARRELLEDNESS AND SPACES OF COUNT­
ABLE TYPE
One of the purposes of this section is to prove that if E is of countable type then E 
is ^“ -barrelled if and only if E is (polarly) No-barrelled (Proposition 3,2.ii)), The 
proof given for transseparable spaces in the classical case (see e.g [1], Proposition 
8.2.24) can be adapted to the non-archimedean situation (see Remark 3.3). However, 
the good behaviour of normed spaces of countable type (see Lemma 3.1, which is 
an interesting result by itself) allows to give in the non-archimedean case a simpler 
proof of the above fact.
Lemma 3.1 Letp be a seminorm on a K-vector space E such that Ep is of countable 
type. Then, there exists a sequence (fn)n in E* such that p = supn |/n|.
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Proof, We may assume that p is a norm and also that (E,p) is complete.
If the valuation on K  is discrete then (Eyp) has an orthogonal basis (en)n with 
p(en) = 1 for all n and then the result follows.
Now, suppose that the valuation on K  is dense. For each m € N let (emn)n be a 
(1 — 1/2m}-orthogonal basis of {E,p) with 1 < p(emn) < (1 “  1/2Tn)~l for all n and 
let gmn G (E,pY given by gmn(:r) = Amn.cm (n G N), where x = £ n ^mnemn 6 E (the 
convergence of this series in (E,p)) and where cm G K  is such that (1 — 1/2m)2 <
cmI < (1 ~ 1/2ra).
Then for each m G N and for each a; — £ E we have
(1 - 1/2mfp{x) < (1 - l / 2m)3 supn |Am„|2>(emn) < supn |0mn(aOI
— \^m\ l^ ron [ P(^mn) — j^ m| (1 l/2?7l) p(^)
< p(x) 
and so p(x) = supm)n \9mn{x)\- 
Proposition 3.2 .
i) If E is metrizable, then E is barrelled (resp. polarly barrelled) if and only if E 
is N0-barrelled (resp. polarly No-barrelled).
ii) If E is of countable type, then E is ^-barrelled if and only if E is £°°-barrelled.
Hi) If E is metrizable and of countable type, then
E is barrelled & E is — barrelled. (3)
%
Proof. i)\ Let E be a metrizable N0 (resp. polarly N0)“barrelled space and sup­
pose there exists a pointwise bounded family of (polar) continuous seminorms 
on E which is not equicontinuous. Then p(x) — sup*# (a;) (x G E) is a seminorm on 
E which is not continuous. By metrizability, we can find a sequence (xn)n in E with 
limn xn = 0 and an e > 0 such that p(xn) > e for all n. Hence, for each n there is 
an in G /  for which Ptn(#n) > e. Thus, {pi„}n is a pointwise bounded sequence of 
(polar) continuous seminorms on E which is not equicontinuous: a contradiction.
ii): It follows directly from Lemma 3.1.
Property iii) is a direct consequence of i) and ii).
Remark 3.3 As we have already announced, it is possible to adapt to the non- 
archimedean case the proof given of Proposition 3.2.ii) for transseparable spaces 
over the real or complex field (see e.g. [1], Proposition 8.2.24).
Indeed, since E is of countable type, every equicontinuous subset B of El is 
a(E\ jE)-metrizable ([5], Lemma 2.4) and by [13], Proposition 8.2 it is contained 
in the <t(E\ i?)-closed absolutely convex hull of a sequence (fn)n in ttco(B) (where 
7T G K  with \tt\ > 1 is fixed). Then, the result follows from (1) and Remark 2.4.2.
On the other hand, one can easily see that, applying the Hahn-Banach Theorem, 
the conclusion of Lemma 3.1 also holds when the ground field is the real or complex
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one and Ep is separable. Hence, this Lemma provides an alternative (in fact shorter) 
proof of Proposition 3.2.ii) for real or complex transseparable spaces.
In the classical case statement (3) in Proposition 3.2 is satisfied for every separable
«
locally convex space E (see e.g. [1], Corollary 8.2.20). One might expect this property 
also to hold in the non- ar chime dean case for spaces of countable type, but this is not 
tme in general (see Example 3.8.2). We therefore consider the following subclass, 
which includes the metrizable locally convex spaces of countable type (Remark 3.9.1).
Definition 3.4 E is called strictly of countable type if there exists a countable set in 
E whose linear hull is dense in E  (our terminology differs from that of [3]).
The main result of this section assures that for spaces strictly of countable type, 
statement (3) of Proposition 3.2 remains true (observe that there are non-metrizable 
spaces which are strictly of countable type: take endowed with the weak topology).
Theorem 3»5 If E is strictly of countable type, then 
E is barrelled E is £°°-barrelled.
The proof of Theorem 3.5 differs substantially from the classical one for separable 
spaces. We need some preliminary machinery for this proof.
Lemma 3.6 Suppose that E is of countable type. LetT be a closed absolutely convex 
subset of E. Let D be a finite-dimensional subspace of E and let V be an elementary 
edged subset of D such that Tf]D C V. Then, there exists a countable set S in El 
such that
sup \f(x)\ < 1 for all x € T and sup \f(x)\ > 1 for all x 6 D\V. 
fes f€S
Proof. V has the form Ciei 4- •. ■ + Cnen (for some n € N), where {el5..., en} is 
an algebraic basis of D and where C i, . . . ,  Cn are edged sets (possibly {0}) in K  (see 
[12], Lemma 2.2 and Proposition 2.10).
1) First, we are going to see that for every i € {1,..., n} for which K  (or 
equivalently diamCf < oo, where diarnC* denotes the diameter of the set C*), there 
exists a sequence (gim)m in E* such that, for each m,
Iftml < 1  on (T + ^21<ej )e and \gim(Himei)\ > 1, (4)
where (¿¿¿m)m is a sequence in K  chosen such that:
a) \fin\ > |//i2| > ... and limm |/zim| = diam C*, if the valuation on K is dense or
if Ci = {0},
b) /¿u = ¡jLi2 — ... and |/in| = min{|A| : A e K, |A| > diam Ci}, otherwise.
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To prove the existence of this sequence (gim)m in we first claim that with our 
choice of (/iim)m we have that, for each ra,
ßimei (T + 'ÜL,Kej)e (5)
Indeed, suppose that in case a) (5) is not true for some m and choose v £ K  with 
diamCj < \v\ < \flim\- Then, /¿ime< £ ilkm/v) (T + Kej)> and so there exist 
?i»•• •»fn € K  with = i/, such that 53”=!. £ T f| D C V. In particular, v £ C*, 
which is a contradiction.
Analogously, assume that in case b) (5) is not true. Observe that in this case 
(T+Ejyi Keff = (T+J2j& Rfy), so if (5) fails there exist f i , ... ,fn 6 K  with |^ | > 
diamCi such that £ Tf]D c  V“, again a contradiction.
Now, since (T + Y .^K ejY  is closed ([15], Theorem 1.4.ii)) and edged and E 
is of countable type we deduce that this set is polar ([13], Theorems 4.4 and 4.7). 
Applying (5) we derive the existence, for each m £ N, of a gim £ E' satisfying (4).
2) Now, we claim that the countable set S = {gim : i £ {1,..., n}, C{ K,m  £ 
N} U{0} satisfies the required conditions.
By (4), it is clear that sup^ 5 |/(z)| < 1 for all x £ T and gimi j^) — 0 for all j  ^  i 
and for all m.
Now, let x = fiei + ... -j- fnen £ D \ V. Then, there is at least one % for which 
Ci (and hence G\ K). Also, from the construction of the ßim it is clear 
that there exists an m £ N such that |^m| < |&|. Then, |^m(x)| = |gimi^i)
i ßim 9im{ß im&i ) >  16 ßim > 1 and we are done.
The following result is a generalization of the previous lemma.
Proposition 3.7 Suppose that E is of countable type. Let T be a closed and edged 
subset of E. Let D be a finite-dimensional subspace of E. Then, there exists a 
countable set S in E ' such that sup^ 5 |/(z)| < 1 for all x £ T and sup^ 5 | ƒ  (rc)| > 1 
for all x £ D\T.
Proof. By Theorem 4.8 of [12], there exist countable many elementary edged 
sets Vi D y2 D • • • in D such that f]n Vn = T f] D. By Lemma 3.6, for each n, there 
exists a countable set Sn in El such that
sup | f(x)\ < 1 for all x £ T and sup |ƒ (rr)| > 1  for all x £ D \ Vn.
ftSn /€*SVi
Then the countable set S = {JnSn satisfies the conditions.
This is enough material to prove Theorem 3.5.
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PROOF (OF THEOREM 3.5)
Let E be an ¿“ -barrelled space which is strictly of countable type and let {^i, rr2)...} 
be a countable set in E  whose linear hull in dense in E,
Let T be a barrel in E. We want to prove that T is a zero neighbourhood in E 
(Proposition 2.3.i)). For that we can assume that T is edged. By Proposition 3.7 
we have , for each n, a countable set Sn in Ef such that
sup | ƒ  (a:) | < 1 for all x E T (6)
fe sn
and
sup |f(x)\ > 1 for all x E Dn\T (7)
f€Sn
where Dn is the linear hull of {x\r. .. ,xn}.
Then, S := UnSn is a countable pointwise bounded subset of Ef. By t°°- 
barrelledness, U = {x e E : \f(x)\ < 1 for all ƒ  € S} is a zero neighbourhood 
in E. By (6), we clearly have that T (ZU. Also, suppose that there exists x E U\T. 
Since U\T is open , there exists a y E Un A i such that y E U\T, which contradicts 
(7). Hence, T — U, which implies that T is a zero neighbourhood in E.
Examples 3.8 In Theorem 2.6 we showed that the converses of the horizontal arrows 
appearing in our diagram (see Section 2) are not true in general. Now we are going 
to show that the same happens for the vertical arrows of that diagram.
1. Example of an l°°-barrelled space which is not polarly No-barrelled (compare 
Example 8.2.38 of [1]).
Choose a set I  such that Let E = ^°°(M x I) as a X-vector space.
Let C be the collection of all countable (pointwise) bounded subsets of (E> ||.||0o)/, 
where ||.||oo is the canonical norm on E . For each S E G we define a seminorm ps on
E by
Ps(x) = sup{|/(z)| : ƒ  € S} (xeE ) 
and also, for each m £ N we define a seminorm pm on E by
Pm(%) — sup{ xM  : n E {1,2,..., m}, i E 1} {x = (ar(n,i))n,i € E).
Then, the family of polar seminorms {ps : S E C}\J{pm : m E N} defines a 
Hausdorff locally convex topology r on E for which it is easily seen that (£ , r) is 
¿“ -barrelled (observe that (I^r)' = (E) IMIoo)7)- However, (J51, r) is not polarly No­
barrelled.
Indeed, we shall see that ||.||oo = supmpm is not r-continuous. Suppose it was. 
Then, there would exist an M > 0, an S = {/i, fe , . . . } EC  and an m E N such that 
for all x = (z(nti))rt,i E B,
1 1
IMloo < M  max{sup |/j(x)|, sup{ .T(n,t) : n <m ,  i 6 I}}. (8)
3
Let D be the subspace of E consisting of all £ G ¿°°(N x I) that vanish 011 ({1} x 
I) U({2} x I) U ... U({™} x /)• Then, on one hand (D, ||.||oo) is isometrically isomor­
phic to (E , IMU). But on the other hand we have by (8) that ||a;||oo < M  sup^ - \fj(x)\ 
for all x £ Dy which implies that the map (D , ||.||oo) — ► £°°,x G D 1— ► (fi{x), f2(x), *..) 
is a linear homeomorphism from (D} ||-||oo) 01l^ ° i^ s image. Hence, #(N x I) — < 
#£°° < # /, a contradiction.
2. Example of a No-barrelled (hence £°°-bairelled) space of countable type which is 
not (polarly) barrelled.
Take an uncountable set I  and let E — cq(I) as a if-vector space. Let r be 
the locally convex topology on E generated by the polar seminorms pc, (C C /, C 
countable), given by pc{%) — maxjgc \xi\ (x = (£*)*€/ G E).
It is easy to see that (E, r) is of countable type. Also, since (E, ||.||oo) is not of 
countable type (where ||.||co is the canonical norm on ¿5), we deduce that [|-||oo = 
sup{pc> C C I ) C countable} is not r-continuous. Then, (E,r) is not polarly bar­
relled.
To prove N0~barrelledness of ( ^ r ) ,  it suffices, by Proposition 3.2.ii), to show 
that this space is £°°~barrelled. So, let (/i, /2, ...) be a pointwise bounded sequence 
in (E) r)'. Then M := supn | fn\ < 00, where | fn\ is the norm of fn as an element of
Hence, for each n — 1,2,... there exists a countable subset Cn of I  for which
|/n(z)| £  M max \xm\ for all x = (x*)i€/ G E.
mGCn
Then, for the countable set C = \JnCn C / we have that supn \fn(%)\ < Mpc(x) for 
each x = (Xi)iej G E. Therefore, the sequence (ƒ*, /2, ...) is r-equicontinuous and we 
are done.
Remarks 3.9 1. We clearly have that
E strictly of countable type => E of countable type 
and that if E is a normed space, then the converse is also true.
More in general, if E is a metrizable space, then 
E strictly of countable type & E of countable type
([1], P. 53).
2. But if follows from Theorem 3.5 that the non-metrizable space of countable 
type constructed in Example 3.8.2 is not strictly of countable type (for a direct proof 
of this last fact see [1], Example 2.5.2).
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4 PERFECT SEQUENCE SPACES
A particularly interesting class of locally convex spaces being strictly of countable 
type, which we are going to consider in this section, are the perfect sequence spaces 
endowed with the associated normal topology (see below for the definition of this 
topology). Recall that a sequence space (i.e., a vector subspace of i iN) A is called 
perfect if Axx = A, where Ax := {(bn)n £ : limnan bn — 0 for all (an)n € A} is 
the Kothe-dual of A.
This kind of spaces plays an important role for the development of a p~adic Quan­
tum Mechanics (see e.g, [10] and [6]). For instance, if B is an infinite matrix con­
sisting of strictly positive real numbers b£ (n, k £ N) and satisfying the conditions 
b^  < 6£+1 for all n, fc, the non-archimedean Kothe space K(B) associated with the 
matrix B and defined by
K(B) = {(an)n £ Kn : lim |an| 6* = 0, for all k=  1,2,...}
71/
is a perfect sequence space (see [4]). For b* = kn, K (B )is the space of entire functions 
on K ) which is needed for the definition of a non-archimedean Laplace transform in
[10] and [6].
For a perfect sequence space with Kothe-dual A* a (separating) bilinear form on 
the dual pair (A, Ax) is defined by
4
Gtj b ^   ^CLyibyi Cl “  [chn jn  £  A, b —  (bn)n E  A .
n
For each n, the sequence with 1 in the n-th place and 0’s elsewhere will be denoted 
by en.
For b = (bn)n E Ax, a seminorm on A is defined by pb(a) = supn |an6n|, 
a = (an)n £ A. The family of seminorms {pb: b £ Ax} determines a Hausdorff locally 
convex topology on A. It is denoted by n(A, Ax) and it is called the normal topology 
on A. The sequence (en)n forms a Schauder basis in (A,n(A, Ax)) (recall that a se­
quence (xn)n in a locally convex space E is called a Schauder basis for E if every 
x £ E can be written uniquely as x — £ n Ani n where the coefficient functionals 
fn : x £ E i— * An £ K  are continuous). Therefore, (A, n(A, Ax)) is strictly of 
countable type, in particular, it is of countable type. In fact, n(A, Ax) is the finest 
topology of countable type on A compatible with the dual pair (A, Ax) ([5], Proposi­
tion 2.6). Also, (AjT^A, Ax)) is complete ([2], Proposition 7, where K  is assumed to 
be spherically complete, but this result holds in general).
In this section we always assume that the perfect space A (resp. Ax) is endowed 
with the corresponding normal topology n(A,Ax) (resp. n(Ax,A)), which is the 
topology of uniform convergence on the compactoid sets of Ax (resp A, [11], Corollary
2.3).
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For every infinite matrix B as above, the associated Kôthe space K(B) endowed 
with the corresponding normal topology is a Fréchet (and hence barrelled) space. In 
fact, every non-archimedean count ably normed Fréchet space with a Schauder basis 
can be identified with some K{B) ([4], Proposition 2.4).
By using Theorem 3.5 we are going to give several characterizations of barrelled­
ness (equivalently, ¿°°-barrelledness) for perfect sequence spaces, showing that this 
property is “dual” of the property of being semi-Mont el (recall that a locally convex 
space E is called semi-Montel if every bounded subset of E is compactoid in E ).
Theorem 4.1 (Compare Proposition 20 of [2]) The following are equivalent
i) A is barrelled.
ii) /?(A, Ax) = n(A, Ax),
in) A* is semi-Montel.
iv) Every compactoid subset of A. is /?(A> A* )~ compactoid.
v) Every weakly convergent sequence in A is /?(A, A*)-convergent.
vi) The unit vectors eu ^  • • • form a Schauder basis for (A, /3(A, Ax)).
vii) (A,/?(A,AX)) is of countable type.
Proof. We only prove i) => m), iv) v) and vii) => i).
i) in): Let B abounded (andhence equicontinuous) subset of Ax = (A, n{A, Ax))'. 
Then, on B , the weak*-topology £r(Ax, A) coincides with the topology of uniform con­
vergence on the compactoids of A ([13], Lemma 10.6). Hence, B is compactoid in Ax 
([13], Lemma 10.5).
iv) s=> v): Let (yn)n be a sequence converging to y weakly on A. Since A is of 
countable type, we have that this sequence is also convergent (to the same limit) in 
the normal topology of A. Then, A = ...} U{'//} is a compactoid subset of A.
By iv) and Theorem 1.4 of [14], on A the weak topology cr(A, Ax) coincides with the 
strong topology /?(A, Ax). Hence (yn)n is ¡3(A, Ax)-convergent to y.
vii) =>■ i): Let (/i, /2, ...) be a pointwise bounded (and hence bounded) sequence 
in Ax = (A, n(A, Ax))'. Since (A,/3(A, Ax)) is of countable type, it follows from 
Theorem 8.5 of [13] that {/1} /2, . *.} is a compactoid subset of Ax. Then, {a € A : 
\fn{a)\ < 1 for all n} is a zero neighbourhood in A. So, (/i, /2, ...) is equicontinuous. 
Thus, A is ¿“ -barrelled and hence barrelled by Theorem 3.5.
Remarks 4.2 1. It follows from Theorem 9.8 of [13] that if K  is not spherically 
complete, property i) of Theorem 4.1 is equivalent to
il) A is reflexive.
But this is not true in general.
Example. Take A =  c0 (so, Ax — £°°). One can easily see that the normal topology 
on A coincides with the topology defined by the canonical norm on c0. Hence, A is 
a barrelled space, which is not reflexive if K  is spherically complete ([18], Theorem 
4.16).
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2, If K  is spherically complete, property ii) of Theorem 4.1 is equivalent to
ii1) P(A, Ax) is compatible with the duality (A,AX),
(see the proof of Proposition 20 of [2]).
But this is not true in general.
Example, Suppose that K  is not spherically complete and take A — £°° (so, 
Ax =  c0). Clearly /?(A,AX) coincides with the topology defined by the canonical 
norm on i°° and hence this topology is compatible with the duality (l°°, (¿°°)x) ([18], 
Theorem 4.22), However, since /?(A,AX) is not of countable type, we have that
/?(A,Ax) ^ n (A ,A x).
Recall that a Hausdorff locally convex space E is called Montel if E is polar, 
polarly barrelled and every closed bounded subset of E is a complete compactoid.
Observe that A is Montel if and only if A is barrelled and semi-Montel (or equiv­
alently, A is reflexive and semi-Montel, [13], Theorems 9,6 and 10.3). Applying these 
results of [13], Theorem 2.1 of [8] and our Theorem 4.1, we obtain the following 
descriptions of the perfect sequence spaces that are Montel.
Corollary 4.3 The following are equivalent
i) A is Montel.
ii) A and Ax are reflexive (resp. barrelled, resp. semi-Montel).
Hi) Ax is Montel.
iv) A and (A,/?(A, Ax)) are semi-Montel
v) Every (<r(A, A x)—)bounded subset of A is /?(A, A x)~ compactoid.
Remarks 4.4 1. If follows from Theorems 10,3 and 10.4 of [13] that if K is spher­
ically complete, properties i) — > v) of Corollary 4,3 are equivalent to each one of 
the following:
vi) A is reflexive.
vii) Ax is reflexive.
But this is not true in general.
Example, Suppose that K  is not spherically complete. Take A = c0 (see example 
in Remark 4.2.1). We have that A is a reflexive space ([18], Theorem 4.17) which is 
not Montel.
2, It is known (see [11], Section 3) that the class of locally convex spaces E having 
an orthogonal basis and such that (E, a(E, E*)) and (E*, a(Efi E)) are sequentially 
complete, coincides with the class of spaces E that are linearly homeomorphic to some 
perfect sequence space (recall that in [3] a Schauder basis (xn)n of E is said to be 
an orthogonal basis in E  if its topology is defined by a family V of non-archimedean 
seminorms satisfying the condition: if x E E> x — thenp(a:) = maxnp(Xnxn)
for all p € V).
Hence, Theorem 4.1 (resp. Corollary 4.3) provides us characterizations of bar­
relled ness (resp. Montelness) for those locally convex spaces E with an orthogonal 
basis for which (£?, cr(E> E*)) and (E\ cr{E\ E)) are sequentially complete.
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5 BARRELLEDNESS AND SPACES OF FINITE
t v d pi  I  r  H/
In this section we study barrelledness for spaces of finite type as related to finite 
dimensionality of bounded sets. Although these spaces are not in general metrizable 
or strictly of countable type (Remark 5.5.2 below), we show (Theorem 5.4) that 
for spaces of finite type barrelledness is equivalent to barrelledness (Compare 
Proposition 3.2 and Theorem 3.5).
In the sequel we assume that E is a polar space.
The following two lemmas give characterizations of the properties “E is of finite 
type” and “every bounded subset of E is finite-dimensional” respectively, in terms of 
operators.
Lemma 5.1 The following are equivalent
i) E is of finite type.
ii) L{E,i°°) = Fi(EJ°°) (resp. L(i?,c0) = Fi{E,c0)).
Proof. Clearly i) => ii).
U) i): Suppose that L(E, cq) — Fi(E , Co). Let (/i, /2, ...) be an equicontinuous 
sequence in E* with limnfn — 0 in cr(E\E), Then, T e L(E}c0) given by T(x) =  
(/i(^)j fa(x)i • ■ 0 (x E E) has, by ii), finite-dimensional rank.
Then, the weak topology on E coincides with the topology on E of the uniform 
convergence on the equicontinuous sequences (A ,A ,.. .)  in El with lim„/n = 0 in 
cr(Ef) E) and hence with the original topology on E ([5], Theorem 3.8). This implies 
that E is of finite type.
Lemma 5.2 The following are equivalent
i) Every bounded subset of E is finite-dimensional
ii) E is sequentially complete and L{i™,E) = Fi{i°°^E) (resp. L(co,E) = 
Fi (c0) E )).
Proof. Clearly i) ii).
ii) =>• i)\ It is enough to see that for every bounded sequence ( x i , ^ , ...) in E ) 
[ffii %2: • ■ •] is finite-dimensional.
Let (rci, xqj ...) be a bounded sequence in E and let (Ax, A2, ...) be a sequence in 
K \ {0} with limn | An | =  0. Then, T : G — > Ey G = t°° (resp. G = Co) given by 
T({an)n) = anAnxn (a = (an)n £ G) is a well-defined (by sequential completeness 
of E) continuous linear map. It follows by ii) that the rank of T is finite-dimensional, 
and hence so is [xi> z2, ...].
Remark 5.3 The condition 1E is sequentially complete” in property ii) of Lemma 
5.2 cannot be dropped in general.
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Example, Take E — Cq0 endowed with the canonical norm. By Example 2.7 of
[7], L(F, E) = Fi(F, E) for every Banach space F. But obviously E does not satisfy 
condition i) of the lemma.
Now, with the aid of Lemmas 5.1 and 5.2 we can describe, among all the polar 
spaces spaces E , those that are barrelled of finite type.
Theorem 5.4 The following are equivalent
i) E is a barrelled space of finite type.
ii) E is an £°°-barrelled space of finite type.
iii) Every pointwise bounded subset of E' is firiite-dimensional
iv) u{E, E') = j3(E, El).
v) E is £°°-barrelled and L{E,£°°) — F^E^E00) (resp. L(E}co) = Fi(E^Ca)).
vi) (E\a{E\E)) is sequentially complete and L(£°°, (El,a(E1,E)) =
Fi{t30, (£', a{E\ E)) (resp. L(c0} (E\ a(Ef, E)) = Fi(c0, (£', a{Ef, E)).
Proof. The equivalences ii) v) and in) vi) are direct consequences of 
Lemmas 5.1 and 5.2 respectively.
ii) => Hi): Let be a pointwise bounded sequence in E': which is
equicontinuous by ¿“ -barrelledness. Since E is of finite type, there exist gi l ,,., gm G 
E' (m € N) such that
sup \fn(x)I < S^ P \9i(x)\ f°r x £ E.
n 2—1
Hence f|£Li Kergi C fin Kerfn, and so [/i, ...] C [pi,... , gm] which implies that 
L/i> /2) • * •] is finite-dimensional and we are done.
Hi) iv): Observe that by iii) every pointwise bounded subset of E( is contained 
in the absolutely convex hull of a finite set of E!. Now, iv) follows easily.
iv) => i): Since E is polar, the original topology r of E is the topology of the 
uniform convergence on the equicontinuous subsets of El. By iv) it follows that 
cr{E, Ef) — r — P(E, Ef). Then, E is an space of finite type which is polarly barrelled 
(Remark 2.4,1) and by (1) it is barrelled.
Remarks 5.5 1. There are non ¿“ -barrelled spaces of finite type E such that Er is 
a(E\ ^-sequentially complete.
Example. Take E =  (¿°°, o*(£°°,Co)). Since every weakly convergent sequence in 
Co is convergent we have that Ef is cf(E\ E )-sequentially complete. But applying 
Theorem 5.4.ii) iii) we deduce that E is not ¿“ -barrelled.
2, There are barrelled spaces of finite type which are not strictly of countable 
type and so they are not metrizable (Remark 3.9.1).
Example. For each set I, let E = K1 endowed with the product topology (which 
is of finite type, see [16],4). Let {ei : i € 1} be the unit vectors of K J. It is well
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known that Cqq(I) = [et* : i 6 /] is algebraically isomorphic to Ef tlirough the map
Cvo{I) — v : y = G Cqo(/) '— ► 9y G -E'^Oc) = (z =* ixi)iei G 15).
We identify every y G Cqq(I) with its image under this map.
First, we are going to see that for every set ƒ, K1 is a barrelled space. For that, 
take an infinite-dimensional sequence (2/1 >2/2»* • •) in cqq{I). Every y8 (5 =  1,2,.,.) 
can be written as y8 — 1 Kjej (A3j  E K ,ns G N, A3)Tla ^  0), where we can assume 
that Ui < 712 < __
We construct inductively a sequence (fs)s in K  such that, for each 5 £ N,
|fl^ s,ni "f* f2^5,712 I ^  S (9)
and consider x — (xi)i£i G K1 such that xi = 0 if i £  {^1, ^ 2, , . and Xi =  
if z = for a certain ra. By (9), the sequence {ys{x))a is not bounded. Hence, 
every linearly independent sequence in Cqq(I) = Ef is not pointwise bounded. Thus, 
applying Theorem 5.4 we conclude that K1 is barrelled.
Now, we are going to see that if #1 > then K 1 is not strictly of countable 
type.
Assume that Kl is strictly of countable type and that {zi, #2,...} is a countable 
subset whose linear hull is dense on Kl . Then, the map {KT)f — ► : ƒ  '— ► 
(ƒ(rci), ffa ) , ■ •.) is injective, which implies that #1 < # (/^N) — (# ^0K° =  #K  
([17], Corollary 3.9).
3. Every complete space of finite type E is barrelled.
Indeed, by Theorem 7 of [16] a such space E is linearly homeomorphic to a power 
of K  and so it is barrelled (Remark 5.5.2).
4. However, there are barrelled spaces of finite type which are not complete.
Example. Let T =  {M C N : lim„ — 0} and let D be the subspace of
KN defined by:
D =  {(au a2l. . .) e Kn : {n G N : a n ^  0} € T}.
If we endow D with the topology induced by the product topology of then 
D is an space of finite type (see [16]. 1). Also, since D is dense in KN we deduce that 
D is not complete.
Like in Remark 5.5.2, we identify every element of cqo (= Coo(N))with its image 
under the canonical map coo — >
Now, we prove that D is barrelled. By Theorem 5.4 it suffices to see that for 
every infinite-dimensional sequence ( / i , / 2,**-) in coo there exists an a  G D such 
that { / i(a ) , 72(0:) ,...} is an unbounded subset of K. For that, observe that every fs 
(s-  1,2,...) can be written as ƒ8 = £ ”=1A8jej (A5j  £ K ,ns G N, ASina ^  0), where 
we can assume that n\ < n% < ... and { n i ,n 2, ...} € T (as usual, ei, 62, ... are the 
unit vectors of coo)-
We construct inductively a sequence (fs)s in K  such that (9) is satisfied for each 
s G N. Let a G D be given by aj — 0 if j  {ni, n2, ...} and a3- = if j  = nm
for a certain m (j E N). Then, |/s(a)| > s for all s E N, which implies that the set 
{/i(a), /2(ct),...} is not bounded.
Since every weakly bounded set of a polar space E is bounded, we can apply 
Lemma 5.2 and Theorem 5.4 to derive the following.
Corollary 5.6 The following are equivalent
i) (E'} a(E\ E)) is barrelled. 
it) {E\cf{E\E)) is £°°-barrelled.
iii) Every bounded subset of E is finite-dimensional
iv)(3{E\E) =a(E ',E ).
v) E is (weakly) sequentially complete andL{i°°, E) = , E) (resp. L(co, E) —
F ifa E )).
Property iii) of Corollary 5.6 is very useful to give examples of spaces E for which 
(E*, cr(E\ E)) (which is always of finite type) is (and is not) barrelled.
Examples 5.7 1* No infinite-dimensional metrizable space E satisfies iii).
2. If A is a perfect sequence space containing a sequence (an)n with an infinite 
number of non-trivial components, then {(AOn E K  : \pn\ < \an\ for all n} is an 
infinite-dimensional bounded subset of A and so property iii) is not true for this A.
3. If E is sequentially complete and dim E < #K  (where dimJS denotes the 
algebraic dimension of E ), then E satisfies iii) (see [9], Proposition 2.2),
4. Let (E^ric) be a K-vector space endowed with the strongest locally convex 
topology Tic and let r  be a polar locally convex topology on E such that cr(E}E*) < 
t < nc. Then, {E,r) satisfies iii) and so (E\a(E\E)) is barrelled. Hence, for every 
polar space E for which E* = E* (e.g. any space with the strongest topology of finite 
type) we have that (23', cr(E\ E)) is barrelled.
5. However, there are polar spaces E such that (E\a(E\ E)) is barrelled and
El ^  E*.
Example. Let E = coo as K-ve ctor space and let ei, - * * be the unit vectors 
of E. It is well known that K® is algebraically isomorphic to E* through the map 
K n — ► E* : y — [y„)n € K N i— ► gy e E*, gy(x) =  £ nxnyn (x =  (xn)n € E). We 
identify every y E K N with its image under this map.
Let T and D be as in Remark 5.5.4. Let us introduce the topology r on E defined 
by the family of seminorms {pj : ƒ  £ D}, where for each ƒ  E D the seminorm pj is 
given by Pf{x) =  |/(x)| (x E E). Then, (E,r) is a polar Hausdorff locally convex 
space for which E* = D (and hence Ef ^  E*). Also, we have proved in Remark 5.5.4 
that (E\ a(E\ E)) =  (D, a(D> E)) is barrelled.
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